In this paper we combine nonstandard finite-difference (NSFD) schemes and Richardson's extrapolation method to obtain numerical solutions of two biological systems. The first biological system deals with the dynamics of phytoplankton-nutrient interaction under nutrient recycling and the second one deals with the modeling of whooping cough in the human population. Since both models requires positive solutions, the numerical solutions need to satisfy this property. In addition, it is necessary in some cases that numerical solutions reproduce correctly the dynamical behavior while in other cases it is necessary just to find the steady state. NSFD schemes can do this. In this paper Richardson's extrapolation is applied directly to the NSFD solution to increase the order of accuracy of the numerical solutions of these biological systems. Numerical results show that Richardson's extrapolation method improves accuracy.
Introduction
The study of biological systems has been developed through many years. In these systems it is common that state variables represent nonnegative quantities, such as concentrations, physical properties, the size of populations, and the amount of chemical compounds. These biological system models are commonly based on systems of ordinary differential equations. Exact solutions of these systems are few and usually complicated, so good approximations are necessary. Numerical methods are often the method of choice and they should describe the dynamic behavior of these systems and produce nonnegative solutions, but also reproduce the real dynamics of these biological systems. The main aim of this paper is to investigate the effectiveness of the application of Richardson's extrapolation to nonstandard finite-difference schemes for calculating numerically the solutions of two biological systems. The first deals with the dynamics of phytoplankton-nutrient interaction under nutrient recycling and the second one deals with the modeling of whooping cough in the human population.
Phytoplanktons are micro-organisms in aquatic system. They transform mineral nutrients into primitive biotic material using external energy provided by the sun. The dynamics of a phytoplankton community and the nutrients have long been one of the dominant themes in mathematical biology [1] . The importance of nutrients on the growth of plankton leads to its explicit incorporation in the plankton models [1, 2] . The dynamics of plankton-nutrient interaction and conditions for the coexistence of phytoplankton and zooplankton have been studied [1, 3] . The coexistence of zooplankton and phytoplankton might arise due to positive bifurcating periodic solutions [3] . Thus, there exits a wide interest in studying phytoplanktons and their relationship with zooplankton and nutrients.
The whooping cough disease, also known as pertussis, is a highly contagious disease caused by the bacterium Bordetella pertussis. Throughout the world, pertussis remains a major cause of morbidity and mortality among infants, and it is estimated to account for more than 600,000 deaths annually [4] . Adults and adolescents are the primary reservoir for pertussis. Pertussis is spread by contact with airborne discharges from the mucous membranes of infected people, who are most contagious during the catarrhal stage [5] . Because the symptoms during the catarrhal stage are nonspecific, pertussis is usually not diagnosed until the appearance of the characteristic cough of the paroxysmal stage. Infection with pertussis induces immunity, but not lasting protective immunity, and a second attack is possible. Whole-cell pertussis vaccines have been effective in controlling the disease but have not eliminated circulation of Bordetella pertussis [6] . The SIR mathematical model that is used here to study the dynamics of whooping cough in the population was presented in [7] to describe the dynamics of whooping cough epidemics in London using periodic variations in susceptibility.
In order to simulate these aforementioned biological systems numerically, we need to rely on numerical methods to obtain accurate solutions. Traditional schemes like forward Euler, Runge-Kutta, and others, sometimes fail by generating oscillations, producing unreal bifurcations, artificial chaos and false steady states; see [8] . Moreover, most of these standard numerical methods do not guarantee a positive discrete solution for all positive initial values. In fact, few integration schemes offer unconditional positivity without caveats. The need for unconditionally positive schemes may not be obvious, as nonpositive integration schemes can render solutions that though negative approach the true solution well. Additionally, these schemes recover from negative values in some cases. Many schemes obtain conditional positivity through adaptive time stepping. For instance, in fluid flow dynamics the use of Courant-type conditions to ensure positivity (as well as stability) is prevalent [9] . Bolley and Crouzeix have shown that, within the class of traditional methods like linear multistep and Runge-Kutta methods, unconditional positivity restricts the order of the method to one [9, 10] . One alternative to prevent these classes of numerical instabilities is the construction of numerical schemes using a nonstandard finitedifference (NSFD) method. This technique, developed by Mickens [11, 12] , has brought the creation of new numerical schemes that preserve the properties of the continuous model [13, 14] .
Richardson's extrapolation is a natural way to improve the order of accuracy of a numerical solution that involves the use of a discretization size h [15] , and can be seen as a sequence acceleration method to improve the rate of convergence. This methodology applied to time-integration methods means the following: If one solves a problem by a numerical method of order p by using some time step τ 1 , and then applies the same method with a smaller time step τ 2 , then the results can be combined to give a method of order p + 1 [16, 17] .
Richardson's extrapolation relies on an observation about the shape of the error terms in a numerical approximation. Assume that N(h) is a numerical approximation of order p to an exact result N(0). The algorithm is consistent when the exact result is obtained as h goes to 0. Using these assumptions, the numerical approximation can be expanded as
. Ignoring the higher-order terms and using three solutions with discretization sizes of h, rh, and r 2 h, where r is the refinement ratio, the order of accuracy of the numerical result can be obtained via p =
ln N(r 2 h)−N(rh) N(rh)−N(h)
ln r , [15] . Once the order of accuracy is determined via analysis of the numerical scheme and verified using the numerical results, the numerical approximations can be combined to remove the leading-order error term. Consider the results for two discretization sizes h and rh, or
By multiplying N(h) by r p and subtracting off N(rh), the leading-order error term is removed. Thus, given a refinement ratio r, an order of accuracy p, and numerical approximations N(h) and N(rh), the Richardson extrapolation formula for improving the order of accuracy to at least p + 1 is [15] .
In this paper we apply Richardson's extrapolation to nonstandard numerical schemes with the aim of obtaining more accurate numerical solutions for the phytoplankton-nutrient and whooping cough mathematical models. The organization of this paper is as follows. In Section 2, we present the mathematical models for the two biological systems. In Section 3, the NSFD numerical schemes are constructed for both systems. Next, in Section 4 we present the numerical simulations using NSFD numerical schemes and applying the Richardson extrapolation method. Conclusions are presented in Section 5.
Mathematical models

Phytoplankton-nutrient model
Let us consider an example of plankton in the ocean limited by the essential element nitrogen, and assume that the system is closed to nitrogen. Plankton is of two kinds: phytoplankton, or plant plankton, which photosynthesizes and requires essential elements, and zooplankton, or animal plankton, which feeds on phytoplankton. The model also considers that the action takes place in a well mixed surface layer of the ocean. The functional groups are as follows: N(t) is the concentration of nitrogen available for uptake, measured as mass per unit surface area of the ocean at time t; P(t) is the concentration of phytoplankton at time t; and Z (t) the concentration of zooplankton, both measured in the same currency, i.e., as the mass of nitrogen incorporated in the plankton per unit surface area of the ocean [1] . Nitrogen, as either a dissolved gas or part of compounds, is taken up from the ocean and incorporated into phytoplankton. Nitrogen is incorporated into zooplankton through the consumption of phytoplankton. It is recycled from the plankton to the ocean through death and excretion. The mathematical model of these processes is given analytically bẏ
(1)
The model includes linear functional responses of P(t) to N(t) and Z (t) to P(t) for simplicity. In addition, the model assumes that the nitrogen stored in plankton becomes available for uptake immediately on the death of the plankton, whereas in fact the processes of decay and demineralization take time. Thus, from this last assumption one gets thatṄ(t) +Ṗ(t) +Ż(t) = 0, and
This is the law of conservation of mass for the nitrogen associated with the system (1), and A represents the total concentration of nitrogen available free or bounded in the plankton. It is important to mention that the steady states of system (1) are the following points:
, 0 , and
, the only steady state is S 0 . As c increases past , the equilibrium point S 2 becomes stable. It is interesting that if the value of the nutrient supply A which limits the phytoplankton growth increases then the predator zooplankton gets the benefit. This counterintuitive behavior is usual in models of this kind where species of alternate levels in the food chain benefit from an increase in nutrient supply. More details of this model can be found in [1] .
Model for whooping cough in the human population
Here we introduce a mathematical model for the transmission of whooping cough in the human population, which is an SIR epidemic model presented in [18] , where the population is divided into three classes: S(t), susceptible at time t; I(t), infected at time t; and R(t), recovered at time t, and it is assumed that there is immunity in this class. The scaled system is then given analytically bẏ
where β is the transmission coefficient, µ is the death rate and it is assumed equal to the birth rate, ν is the rate of recovery from disease and N the total population. In this model, the population is assumed constant, and has been normalized to unity. From (3), one gets that, for all times t,
We define Eq. (4) as the conservation law associated with system (3), and this equation must be satisfied by any consistent numerical scheme. It is important to mention that the steady state of (3) is given by the following points: the disease-free point (1, 0, 0) and the endemic point 
Construction of nonstandard finite-difference (NSFD) schemes
In this section we construct numerical schemes to compute numerical solutions for the biological systems (1) and (3). The main aim in the construction of most of the NSFD schemes is to obtain unconditional stability and positivity in the variables representing the subpopulations. Following the ideas of Mickens, a scheme is called nonstandard if at least one of the following conditions is satisfied [13, 19] :
(1) A nonlocal approximation is used.
(2) The discretization of the derivative is not traditional and uses a nonnegative function φ(h) = h + O(h 2 ).
NSFD for the phytoplankton mathematical model
For the construction of numerical schemes, the discretization of system (1) is made based on the approximation of the temporal derivatives by the traditional forward scheme of first order and nonlocal approximation. Let us denote by N n , P n and Z n the approximations of N(nh), P(nh) and Z (nh), respectively, for n = 0, 1, 2, . . ., and by h the time step of the scheme.
The NSFD numerical scheme to solve system (1) is constructed so that it satisfies the conservation law property proposed by Mickens's techniques in [14] . Thus, the NSFDCL scheme for system (1) takes the following form:
Notice that this scheme uses nonlocal approximation and satisfiesṄ(t) +Ṗ(t) +Ż(t) = 0 (the total population is constant) as n −→ ∞ (i.e., as h −→ 0). Moreover, from (5), we can see that
if N n + P n + Z n = A for all n ≥ 0. Therefore, the conservation law property holds. Next, after rearranging the explicit formulations, we obtain the following discrete system:
where h = min . However, instead of h, another denominator can be chosen, for example ϕ(h) =
. Now, without loss of generality, we can assume that A = 1. In summary, it can be seen from (6) and (7) that we have constructed an NSFD scheme for system (3) having the following properties:
• It satisfies the conservation law; i.e., Eq. (2) holds.
• It has positivity and boundedness: for system (7), we have that, if 0
NSFD for the whooping cough mathematical model
Here we construct a numerical scheme to calculate numerical solutions for system (3). The main idea in choosing an NSFD scheme is to obtain unconditionally stability and positivity in the variables representing the subpopulations. Let us denote by S n , I n and R n the approximations of S(nh), I(nh) and R(nh) respectively, for n = 0, 1, 2, . . ., and by h the time step of the scheme. The sequences S n , I n and R n should be nonnegative in order to be consistent with the biological nature of the model. The numerical scheme to solve system (3) is constructed satisfying the properties of Mickens's techniques of the conservation law; i.e., the total population is constant [14] .Thus, the nonstandard scheme for system (3) takes the form
where φ(h) =
1−exp(−hρ)
ρ , and ρ = max{µ, ν}. Notice that this scheme satisfiesṠ(t) +İ(t) +Ṙ(t) = 0 (the total population is constant) as n −→ ∞ (i.e., as h −→ 0). Moreover, from (8), we can see that
Thus, if S n
= 1 for all n ≥ 0. Therefore, the conservation law holds.
Next, after rearranging the explicit formulations, we obtain the following discrete system: In summary, it can be seen from (8) and (10) that we have constructed an NSFD scheme for system (3) having the following properties:
• The conservation law is satisfied; i.e., there is a constant population.
• Positivity and boundedness of solutions. If 0 < S
Numerical simulations
In this section, we present numerical results that illustrate the advantages of the proposed NSFD schemes and Richardson's extrapolation method. In order to show these advantages, several numerical simulations for the phytoplankton and whooping cough mathematical models are performed, varying the value of the parameters and the size of the time step. Since both models require positive solutions, the numerical solutions need to satisfy this property. Numerical comparisons with traditional Runge-Kutta-type schemes are shown.
Phytoplankton
Here, we consider numerical simulations of the phytoplankton model (1) . Fig. 1 shows the comparison between numerical solutions for the concentration of phytoplankton (P) and zooplankton (Z) using a time step size h = 0.15. The parameter values are a = 0.05, b = 1, c = 25.003 and d = 1.8. As can be seen, the Euler scheme oscillates in an unrealistic way. On the other hand, the NSFD scheme (5) produces an accurate solution similar to the one of the ODE45 routine of the Matlab package which has more than fourth-order accuracy. In addition, it can be seen that the numerical solutions converge to the correct equilibrium point S 2 , since in this particular case c > due to the efficiency increase of the phytoplankton to fix nitrogen. In order to improve accuracy of the NSFD scheme (5), we apply Richardson's extrapolation method, as can be seen in Fig. 2 . More accuracy can be obtained using Richardson's extrapolation a second time, but the computation time will increase. Table 1 shows the CPU time (seconds) and absolute error for each method in integrating the phytoplankton model (1) to t = 60 time units. In order to make a fair comparison the methods are computed using different time steps to achieve similar absolute errors. The NSFD scheme shows the best efficiency in obtaining absolute errors of order 10 −15 , since the computation time is less than that of the other schemes. However, as Fig. 2 shows, the NSFD scheme with Richardson's extrapolation method is more accurate for the same time step size.
Modeling whooping cough in the human population
Here, we consider numerical simulations of the whooping cough model (3) . We improve the accuracy of the NSFD scheme (10) by applying Richardson's extrapolation method. NSFD schemes usually preserve some properties such as the conservation law (total population), convergence to the equilibrium points and positivity of the population. addition, Fig. 4 shows the effect of applying Richardson's extrapolation method twice. The improvement in the solution is almost unnoticeable since the solution obtained applying Richardson's extrapolation once is fairly accurate. Thus, in this case, taking into account the increase of the computation time, it is not worth applying Richardson's extrapolation of third order.
Conclusion
In this study, we have constructed nonstandard finite-difference (NSFD) schemes for two biological systems. The first biological system deals with the dynamics of phytoplankton-nutrient interaction under nutrient recycling and the second one deals with the modeling of whooping cough in the human population. The proposed NSFD schemes were designed in order to satisfy several properties such as accuracy, positivity, boundedness and stability. In addition, Richardson's extrapolation has been applied directly to the NSFD scheme solutions to increase the order of accuracy of the numerical results for these two biological systems. Numerical results show that Richardson's extrapolation method improves the accuracy, giving better numerical results than the original NSFD scheme solutions.
